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Abstract

We present a novel moving overset grid scheme for the accurate and efficient long-time simulation of an air bubble
displacing a non-Newtonian fluid in the prototypical thin film device, the Hele-Shaw cell. We use a two-dimensional
generalization of Darcy’s law that accounts for shear thinning of a non-Newtonian fluid. In the limit of weak shear
thinning, the pressure is found from a ladder of two linear elliptic boundary value problems, each to be solved in the
whole fluid domain. A moving body fitted grid is used to resolve the flow near the interface, while most of the fluid
domain is covered with a fixed Cartesian grid. Our use of body-conforming grids reduces grid anisotropy effects and
allows the accurate modeling of boundary conditions.
© 2003 Elsevier Inc. All rights reserved.

1. Introduction

Consider two parallel glass plates separated by a thin layer of fluid and with a small hole drilled at the
center of the top plate (Fig. 1). As air is pumped slowly through the hole into the gap an air bubble expands
and displaces the fluid. The initially circular interface separating the expanding air bubble from the fluid
will start to develop structure. This is called the Saffman—Taylor instability [34]. Fingers of air will advance
into the fluid while other parts of the interface cease to move, forming narrow inlets of fluid referred to as
fjords [30]. The “viscous fingers” in a Newtonian fluid have a tendency to split at their tips and so form new
fingers, eventually resulting in a densely branched interfacial structure. This morphology has also been
observed in careful numerical simulations [21].

The Saffman-Taylor instability is a prototypical free-boundary problem that shares many of the diffi-
culties often encountered in simulations of dynamic boundaries in fluids: the incompressibility condition
leads to an elliptic (Laplace) equation for the pressure that must be solved in the time-dependent domain
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Fig. 1. The Hele-Shaw cell is the prototypical thin gap flow device.

created by the free boundary dynamics, and the capillary forces at the interface make the time evolution
problem very stiff. There is also a close analogy between the Saffman-Taylor instability of driven New-
tonian fluid with quasi-static solidification (and the Mullins—Sekerka instability [26]), as well as many other
physical problems, such as electrochemical deposition [5]. Hence, this is an excellent test case for numerical
methods used to simulate the dynamics of moving interfaces.

In this paper, we develop a numerical method for studying the Saffman-Taylor instability when the fluid
being displaced by air is non-Newtonian — in particular, we focus on “shear-thinning” fluids which are
characterized by a viscosity that is a decreasing function of the local shear-rate [16]. Experiments performed
with complex liquids such as liquid crystals [7,8], polymer solutions and melts [39,40], clays [12], and foams
[29], have shown that viscous fingers displacing a shear-thinning non-Newtonian fluid can have a dra-
matically different character than in Newtonian fluids: instead of repeated tip-splitting of the viscous fin-
gers, one sees thin finger-like structures with reduced tip-splittings. This apparent stabilization of the tip
leads to a fingering pattern for the shear-thinning case that is often more dendritic in appearance, and with
significant side-branching. These features are absent in the case of Newtonian flow.

Kondic et al. [24,25] developed a non-Newtonian Darcy’s law that describes Hele-Shaw flow in shear-
thinning fluids governed by a generalized Navier—Stokes equation [4]. Unlike the Newtonian case, there is no
reduction of the problem through a boundary integral treatment, and the pressure must be determined ev-
erywhere in the flow domain. Kondic et al. [25] and Fast, Kondic, Shelley and Palffy-Muhoray [16] performed
fully non-linear simulations of the non-Newtonian Saffman-Taylor instability using a Lagrangian grid
method with an imposed fourfold symmetry and a finite difference discretization of the interfacial quantities
and the fluid equations. Their computations were limited to the early stages of the Saffman-Taylor instability
due to mesh distortion. However, their simulations did suggest that shear-thinning can cause reduced tip-
splitting, and yield viscous fingering patterns with strong resemblance to interfacial motifs from solidifica-
tion. Fast et al. [16] showed, among other things, that the non-Newtonian Darcy’s law could be derived for a
broad class of viscoelastic fluid equations, under appropriate constraints on the Weissenberg number.

The purpose of this paper is to develop an accurate and efficient numerical method for studying viscous
fingering in weakly shear-thinning fluids and that allows long time simulation without imposed symmetries.
Level set or immersed boundary methods are also good candidates for the boundary dynamics, but can
suffer from anisotropy errors arising from the underlying grid [23], while Lagrangian grid methods [16,25]
can suffer from grid distortion. We strike a balance between these two extremes by using the moving overset
grid method.

1.1. The moving overset grid method

We introduce the moving overset grid method which is the key new result of this paper. An overset grid is
a collection of structured component grids, and the interpolation conditions used to connect the component
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grids. In our computations, we use three component grids: a Cartesian background grid, an annular
outermost grid, and a thin body-conforming grid near the interface (Fig. 2).

To achieve a highly accurate surface representation we track the free boundary explicitly, and use a body
fitted grid next to the moving boundary (Fig. 2). Fig. 3 shows the viscosity in a computation of the non-
Newtonian Saffman-Taylor instability using our moving overset grid method. As the boundary moves and
deforms, we adapt the shape of the body fitted grid to follow the shape and motion of the moving fluid
interface (Fig. 4). This grid structure has the advantage that boundaries are represented explicitly and hence
boundary conditions can be modeled accurately. The method allows long time simulation of complex
viscous fingering patterns in non-Newtonian Hele—-Shaw flow as seen in Figs. 3 and 4, and in Section 4.
Overset grids have been used previously in computations with rigid moving objects, but not for studying
deforming time-dependent boundaries (see e.g. [28] and the references therein).

In Section 3, we present the details of the numerical method, which couples an overset grid discretization
of the fluid equations to a Fourier based representation of the dynamic interface. The fluid velocity is
obtained from a set of Poisson problems for the pressure, and these equations are solved using second-order
accurate curvilinear grid finite differences and overset grids. All interfacial quantities, such as the curvature,
are evaluated using Fourier-space methods. We find that this leads to greater accuracy in resolving the
small length-scales of the interfacial dynamics. The method is formally second-order accurate. In Section 4,
we present several numerical experiments of a gas bubble displacing a fluid in a Hele-Shaw cell, and study
the resulting interfacial instability.

ERETT

Cartesian
background grid

Fig. 2. A close-up of an overset grid used to discretize the fluid domain: an inner grid conforms to the interface, while a square
Cartesian grid is used to cover the majority of the computational domain. An annular grid is used near the outflow. These overlapping
components are joined by interpolation conditions.



120 P. Fast, M.J. Shelley | Journal of Computational Physics 195 (2004) 117-142

0.965

0555

0.950

Fig. 3. The viscosity field at # = 3.4 in a moving overset grid computation of the Saffman-Taylor instability in a weakly non-New-
tonian fluid (We = 0.55, o = 0.15, Ca = 500). The viscosity at the tips is lowered by the shear-thinning effect.

(a) (b)

Fig. 4. A sequence showing a close up of the moving overset grids used to compute the interfacial shape in Fig. 3, at (a) t =1.56, (b)
t=1.76, (c) t =1.96.

2. Non-Newtonian Hele-Shaw flow

We now summarize two-dimensional equations of motion for non-Newtonian Hele-Shaw flow. Full
details of the model are available in Fast et al. [16]. In Section 3, we develop a numerical method for the
resulting two-dimensional system of Egs. (3)-(10) that models non-Newtonian viscous fingering.

A typical control parameter for a viscoelastic fluid is the non-dimensional shear-rate

U
We = 1
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called the Weissenberg number [4]. Here 7 is a characteristic response time of the fluid, U is a characteristic
velocity of the flow and b is the gap width. We = 0 gives a Newtonian flow, while for We > 0 the flow is non-
Newtonian. The non-Newtonian Darcy’s law derived in [16] is

u:__V7p27 V-u=0. (2)

a(we*|Vpl”)

Here u is the gap averaged longitudinal velocity, p is the fluid pressure, and fi(We?|Vp|*; ) is the gap-av-
eraged effective viscosity, depending on the squared pressure gradient, and on a shear-thinning parameter o.
When o = 1, the fluid is Newtonian with a constant viscosity, and when o < 1, the viscosity decreases with
an increasing shear-rate. The effective viscosity, plotted in Fig. 5, is derived from the physical viscosity u.
An explicit form for i, and some restrictions on ¢, are given in [16, Appendix A].

2.1. Weakly non-Newtonian model

We consider a weakly shear-thinning Hele-Shaw flow, We < 1. The weakly non-Newtonian model is
obtained by expanding the velocity u, pressure p, and Eq. (2) in a small We? < 1 limit

u = uy + Weru; + O(We'), 3)
2 4
p=po+ We'p + O(We"), 4)
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Fig. 5. The effective viscosity fi for some typical values of « with We = 1 compared to the weakly non-Newtonian approximation for
small |Vp|. The inset shows the viscosity for larger values of the local shear-rate |Vp|, whereas the large plot is a close-up of the region
where the weakly non-Newtonian approximation is valid. Changes in We rescale the abscissa.
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Uy = 7vp07 V- Uy = 07 (5)

u = —Vp —@Vpl'Vpy, V-u =0, (6)
where @ = 3(1 — «)/20, and the viscosity has been approximated by

3(1—w)

_ 2 2
:1—
A |Vpl) o

We*|Vp|* + O(We*). (7)

2.2. Free surface boundary conditions

The pressure satisfies a jump condition at the interface separating the fluid and the gas. We use the
Young-Laplace condition

ply = —Ca™'x (8)

for comparison with earlier computations [16,21,25]. Here the modified capillary number is Ca = 12¢ 2y,
U/v, u, is the zero-shear rate viscosity, U is a characteristic lateral velocity, and y is the surface tension
of the fluid. More accurate boundary conditions have been derived for Newtonian fluids [20], and for
non-Newtonian fluids [13,32].

The interface I' moves with the local fluid velocity according to the kinematic condition

ox

E (:B7 t) = u|x(/},t)a (9)
where f is a Lagrangian parameter.
2.3. Outflow conditions

We consider flow in circular Hele-Shaw cell with radius R,,. At the outer edge of the cell (r = Roy), we
impose on the pressure p = py + Wep, a specified mass flux S,(¢) through the outflow condition
r-u= 5
B 2MRou

(10)

where T is a unit vector in the radial direction, and S(¢) = 2n(1 +¢). In terms of the pressure, the outflow
boundary condition at » = Ryy 1S

opo S, oy 31—
o IR M 5T T

2 9P

|VP0 or

This leads to the bubble area growing at a specified rate.

3. Numerical scheme

In this section, we discuss the numerical scheme for simulating the evolution problem (3)-(10) when a
gas bubble expands into a weakly non-Newtonian fluid. The scheme is summarized as follows:

Step 1. Generate an overset grid and discretization: Given the boundary I'(¢,) at time ¢,, generate an
overset grid in the fluid domain exterior to I'(#,). Discretize the Poisson equations (11)—(14) for the pressure
fields py and p;.
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Step 2(a). Solve the Newtonian pressure equation.

Apy=0 in Q, (11)

_ apo S,
polp =—Ca I, g(x,t) = _F()d at x| = Roy- (12)

Step 2(b). Solve the non-Newtonian pressure correction equation:

3(1 -« .
Apl = —%V (|Vp0|2Vpo) n .Q, (13)
0 3(1 —« 0
plr=0, %(Xﬁ) = —%IVpO 2%, at |x| = Rou- (14)
Step 3. Evaluate the velocity on I' using Darcy’s law:
3(1 —«
u =—Vp, uw=-Vp —%IVpopro,

u = uy + Weu.

Step 4. Evolve the interface I' using the kinematic condition.:

X (8.1) = UB.Om(B.0) + T(B.S(B.0), (15)

where s is the tangent vector to I', n is the normal vector, U(f,¢) = n-u(x(f3,¢)) is the normal velocity from
Darcy’s law, and T(f3,¢) is an arbitrary tangential velocity to be set in the numerical scheme.
We now discuss the solution of each of the Steps 1-4 in detail.

Remarks. (1) The purely Newtonian case can be solved much more efficiently using boundary integral
methods (see for example [21]). In the non-Newtonian case here, the pressure field satisfies a Poisson
problem so boundary integral methods cannot be used.

(2) This problem shares many of the difficulties of simulating the strongly shear-thinning model (Egs. (2),
(8)—(10)). In both cases, one must at each timestep generate the overset grid discretization of the fluid
domain, and solve large linear systems arising from discretizing elliptic equations. In the non-Newtonian
case, the pressure satisfies the non-linear boundary value problem (Egs. (2), (8) and (10)), which must be
solved for in the whole moving domain. Since the problem is driven by the curvature of the boundaries,
high spatial resolution is required. Further, there is a severe stability constraint on the temporal stepsize. In
the present paper, we focus on capturing the motion of the interface in a long time simulation of weakly
shear-thinning flow. The general case of strongly shear-thinning flow is left for future work.

3.1. Overset grid generation and discretization

As the free interface I' moves, the body fitted grid and the overset grid is regenerated at each timestep
(Sections 3.1.1 and 3.1.2). Given the overset grid, we discretize the pressure equations using curvilinear grid
finite-differences. (Section 3.1.3).

3.1.1. Moving overset grid generation
Our implementation uses the grid generation capabilities in the Overture C++ framework [6], which is
used to produce the overset grid at each time step, and the second-order discretization of the Laplace
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operator in the time-dependent fluid region. The algorithm used in Overture is based upon the original
CMPGRD algorithm [10] with major changes to improve robustness [19]. Typically, the amount of
computational time spent for overset grid generation at each time step is insignificant in comparison to the
pressure solve. For a detailed description of the overset grid generator, see [19].

3.1.2. Body fitted grid generation
The body-conforming grid is generated by marching outward from the interface I'. The grid corresponds
to a uniform grid discretization of the the mapping

x(&m), 0<<E<1, 0<n<2m,

where x(0, ) is the interface I', and the lines = Const. are rays extending outwards from the bubble in the
normal direction (Fig. 6). Hyperbolic grid generation [9] is often used to produce such grids around
complicated geometries. In the present case, a simpler approach can be used. We generate the body fitted
grid by marching

xe(&m) = —(1 = Cr(&m)n(&,n) + T(En)s(&n) (16)

in the pseudo-time ¢ starting from the interface I' at ¢ = 0. Here C is a small constant, x is the curvature of
a gridline along ¢ = Const., n(&, ) is the normal vector, and s(, i) is the tangent vector to the curve x(&, i),
for & = Const. The normal velocity U = —(1 — Cx(&, 1)) gives Eq. (16) a diffusive character [21], and has
been used previously for grid generation [35]. The tangential velocity T(&,#) is chosen to maintain equi-
spacing in the #n-direction (see [21] for details). To generate the body fitted grid on each time-step, we solve
Eq. (16) using a time evolution method similar to the one used in Section 3.3 (with t = ¢, ff =7, see
Appendix B).

3.1.3. Finite difference discretization

An overset grid consists of structured, curvilinear component grids each defined by a mapping
x(r,#) = G(r,?), where r = (r,s), and 0<r,s< 1.

The derivatives of a function f with respect to the physical variables (x, y) are transformed to derivatives
in the computational variables (r,s) through the chain-rule

o _ o, o
o= Ty (7
of _ of, of
o T (18)

Fig. 6. The body fitted grid is generated by marching outward from the interface I" (see text).
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of
Os’

v = (2 4+ L s 4 ms) L v (24 Sk (v L ()

1
Y’ or? Oros Y’ 0s? or (19)

where f (r,s) = f(x(r,s),»(r,s)), and V*u = u,, + u,,. The inverse vertex derivatives ry, 7y, Fe, Fyy Sxy Syy Sers
and s,, are computed from the mapping G that defines the component grid. The mapping method for finite-
difference discretization is obtained by discretizing the derivatives (17)-(19) in the computational variables
(r,s). We introduce a discretization of

ri=1Ar and s; = jAs,

where 0<i<N,, Ar=1/N,, 0<j<N,, and As =1/N,. A discretized component grid is then given by
Xi,j = G(r,',Sj) where 0 élgN,, 0 gjéN‘
We define the basic difference operators in the s direction by
fijr — fij

. s Jij — fij-1 s i1 — fijo1
D fi;= A, D fi;= #7 Dyfiy = ﬁsz (20)

Second-order accurate centered approximations to the basic derivative operators are given by

0
62
L) = DD+ (A5, (22)

Derivatives in the r direction are defined analogously. The discretized inverse vertex derivatives are re-
computed from the mapping G when the overset grid is regenerated.

In the physical variables (x,y), we obtain second-order accurate discrete approximations to the deriv-
atives (17)—(19)

of

& (Xi,j) ~ er;)f + Sngfa (23)
0 )
&%) = Dy + 5 D3, (24)

V2 (xiy) & (r} +1))D.D"f + (53 +5,) DD f
+ 2(rese + 18, ) DODLf + (ree + 1) Dof + (i + 5,) Dy f (25)

where the right-hand side is evaluated at index (i,/). The finite difference approximation to each of the
Poisson problems for the pressure (11)—(14) is assembled in a sparse matrix and passed to a linear solver.
The interpolation and boundary conditions generate additional linear constraints which are placed in the
sparse matrix (see [10] for further details).

3.2. Solving the pressure equations
The discretization of the pressure Eqgs. (11)—(13) in our simulations leads to a sparse linear system of

equations with 250,000-630,000 unknowns. The numerical solution of the resulting non-symmetric system
of linear equations is the major computational task in our numerical method.
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To solve the linear systems arising from the pressure equations, we use an iterative method with an
incomplete LU (ILU) preconditioner (see [33] and the references therein for a detailed discussion of the
linear solvers and preconditioners). Our implementation combines several well-known methods to achieve
significant performance improvement over the approaches used thus far. Earlier work with incompressible
flow on overset grids [18] used the generalized minimal residual method (GMRES) with an ILU(0) pre-
conditioner (no fill-in), which performs rather poorly; sparse direct factorization methods are much faster
for moderately sized time-stepping problems on fixed grids [10,18]. However, the cost of such a method in a
moving grid computation would be prohibitive.

We have found that an effective preconditioner for a Krylov space iterative method in the present case
can be formulated as follows:

(1) Rescale the the matrix so that each row has norm 1.

(2) Perform a reverse Cuthill-McKee (RCM) reordering of the matrix.

(3) Build an ILU(k) preconditioner with fill-in (k > 0, we use typically £ = 10).

The interpolation equations in the overset grid discretization make the sparsity pattern of the matrix non-
symmetric and irregular. This increases the fill-in of ILU factorization methods. The RCM reordering
reduces the bandwidth of the matrix, which results in a smaller ILU(k) factorization.

We use the stabilized bi-conjugate gradient method (BICG-STAB) with the preconditioner described
above to solve the pressure equations. The implementation [15] is based on the linear solver component in
PETSc [2] which we have interfaced to the Overture framework.

Table 1 compares the performance of several approaches. We consider a test case for the linear solver
with 2048 points at the interface, 438,644 discretization points in the overset grid, and 1,509,621 non-zeros
in the sparse matrix. We list in Table 1 the number of iterations (Its.) required to reach a residual of 1078,
the time to form the preconditioner (Precond.), the time taken by the linear solver (solve), and their sum
(total = precond. + solve). All timings are given in seconds, and were measured on a single 250 MHz MIPS
R 10000 processor of an SGI Origin 2000. The computations in Section 4.2 use BiCG-Stab with ILU(10),
which is almost 10 times faster than GMRES(30) with ILU(0).

The pressure solve remains the most expensive part of the method described in this paper. Multigrid
methods offer an even more efficient approach to solving elliptic (Poisson) equations in overset grid flow
simulations, and will be considered in future work (Henshaw, private communication).

3.3. Interface evolution

In this Subsection we discuss the numerical scheme for evolving the interface according to the kinematic
boundary condition (9).

3.3.1. Motivation for reformulating the interface equations

While it would be possible to discretize the kinematic boundary condition (9) explicitly in time, it is
advantageous to reformulate the problem to exploit the special structure of Egs. (3)-(10) for the following
reasons: (1) Linear stability analysis (Section 4.1.1) suggests an explicit time stepping scheme would suffer

Table 1

Comparing the performance of different approaches to solving a Poisson problem on an overlapping grid (see text)
Method Its. Precond. Solve Total
GMRES(30) + ILU(0) 755 1.2 879.0 880.2
BiCG-Stab + RCM + ILU(5) 60 6.6 125.8 132.4
BiCG-Stab + RCM +ILU(10) 36 12.6 78.5 91.1

BiCG-Stab + RCM + ILU(20) 18 36.9 59.3 96.2
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from a severe restriction of the form A< Cmin|As|’, where min |As| is the minimum spacing between
points along the discretized interface. (2) The flow is driven by the curvature x of the the interface, and so a
high-order accurate approximation to interfacial derivatives is desirable. (3) The interface is periodic, so
Fourier-spectral methods are efficient and highly accurate. (4) In the case of Newtonian viscous fingering
(We = 0), the small scale decomposition of Hou, Lowengrub and Shelley [21] and an equal-arclength dis-
cretization reduces the stability restriction to At < C|As| where As is a uniform spacing of points along the
interface, and C is a positive constant.

We use the small-scale decomposition for the Newtonian case [21] to reduce the stiffness of the time-
stepping scheme also in the case of weakly non-Newtonian viscous fingering. A similar approach was used
by Almgren et al. [1] to reduce the stiffness of a boundary integral scheme for Newtonian viscous fingering
with an anisotropic surface tension.

3.3.2. Evolution equations reformulated in a 0—-L frame
The kinematic boundary condition (15) is rewritten with new dependent variables: we define a tangent-
angle 0(f,¢) and arclength derivative sg(f,¢) through

X/}(ﬁ, t) :Sﬁ(ﬁa t) cos G(ﬁ, t)v (26)
yp(B,1) = sp(B, 1) sin 0P, 1), (27)

Sp = \/X% +y§, (2’8)

and use 0 and s; instead of x(f,¢) and y(f,) to evolve the interface shape I'. A special choice of the
tangential velocity T (Eq. (31) below) keeps the parametrization of I' in an equal arclength frame where the
arclength derivative sy = L(¢)/2m is constant in f, with L(¢) the length of the boundary I' at time ¢.

The kinematic boundary condition (15) is transformed to the tangent angle-length frame as (Appendix A)

2n
g:—A Ubgdp. (29)
6, — 2" (U, + T0 30
z—m( s+ T0p), (30)
B ; 2n
1) =100+ [ owag -2 [“ouap. (31)

3.3.3. An integrating factor form using the small-scale decomposition

A detailed analysis [21] of the integral representation of the velocity in the case of Newtonian Hele—Shaw
flow reveals the dominant behavior of the normal velocity U in Eq. (30). In Fourier space, the dominant
part of the normal velocity for We = 0 and large wavenumbers (k > 1) is [21]

g% sgn(k)0(k, 1).

We express the tangent angle-length formulation in Eq. (30) as

i

2n

L(t)=~ [ U(B,0)0:(,1)dp, (32)

0
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~ 1 |2nk |?
=—— F
0,(k, 1) Ca|Z() O0(k, 1) + F(k, 1), (33)
where
R 1 |2nk]|? 211: 21

3.3.4. Linear propagator time-discretization
An integrating factor exp(y(k,¢)) exists for Egs. (32) and (33) if we define

1/ 2mk D
i = [ (i) @
Using the integrating factor, we rewrite Eq. 33 as

0 ~
= (00K, 1) = Ik, 1), (35)
This is the form that is discretized in time and solved numerically.

Let the 2n-periodic interface x(f8,¢) be parametrized by f§; = jAB, 0<j< N — 1, where Af = l/N We
introduce a discretized time ¢,, and let L” denote the length of the interface, 0" (k) denote 0(k,1,), and F" (k)
denote F(k,1,) in Eq. (34) at time #, and wavenumber k. Define the integrals
2n

/ o urdp, I'=1Iy=[ 0urdp. (36)
0

These quadratures are evaluated using Fourier methods. For the integrating factor, we use the trapezoidal
rule and define

L1 fomke D (2nk’ 1 [ [ 2mk
n._ 1 = = df + O(AF
veral () < (B) e [ () wrewn
We apply the second-order accurate Adams—Bashforth scheme to the integrating factor form in Eq. (35) to
obtain

= % Br -1, (37)

A w A At n
0n+1 — e—x// 0” 5 (3 —y" Fn —(y"+y an l) (38)

The length L"*! is computed first, so the integrating factor exp(—y") can be evaluated directly when
computing 0"*'. The pseudospectral scheme (37) and (38) is semi-implicit, but the implicit part has been
solved directly using an integrating factor. The derivatives and integrals are computed in Fourier space, but
products of terms are computed in real space.

4. Numerical results

In this section, we present the results of numerical experiments of a gas bubble displacing a fluid in a
Hele-Shaw cell.
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4.1. Validation of the implementation

4.1.1. Linear stability analysis and the Saffman—Taylor instability
We consider the linear stability of a circular bubble of radius R(¢) = 1 + ¢ perturbed azimuthally as it
expands into a non-Newtonian fluid in an unbounded Hele-Shaw cell. The circular interface is an exact
solution to the full Egs. (3)-(10) with velocity and pressure field given by
Si(t 1 Si(t
u(r,t)* l() l() r

p(r’t):CaR(t) o lnw. (39)

C 2nr
both in the Newtonian, and the weakly non-Newtonian case. The theoretical linearized growth rates of

perturbations are compared to growth rates extracted from simulations.

4.1.1.1. Linear theory. Assume I is given by
R(0,1) = R()(1 + en(0, 0))r, (40)

where ¢ < 1 is a small parameter, F is the radial unit vector, and (6, ¢) is a perturbation.
Since 7(6,¢) can be written as a Fourier series in the azimuthal angle 6, and the linearized equations are
separable, we consider without loss of generality a perturbation of the form

n(6,t) = N(m,t) cos mb, (41)

where m is a wave number. In [16] it is shown that to leading order in e, the instantaneous growth rate
o, = N;/N is given by

m—1 2m
=-—1 1+ 3 ——: m(l —m?) 1+ 2 . 42
Om +m< —|—@m+1)—|—Ca m( m)( —l—&?m_'_l) (42)

In this weakly non-Newtonian limit the non-Newtonian character of the fluid is contained in the single small
positive parameter # = (3/20)(1 — o) We?. Fig. 7 shows the analytic linear stability curves given by Eq. (42).

The key feature of Fig. 7 is that intermediate length-scales are unstable and the small length-scales
(modes with large m) are strongly damped, which leads to growth of intermediate length scale perturbations
of an expanding circle. This is true generally for the Saffman-Taylor instability.

In the simulations of this paper the initial data is always unstable to the Saffman-Taylor instability:
when Ca = 250 and We < 0.55, modes 2-15 are unstable and mode 9 is dominant with the largest positive
growth rate; when Ca = 500 and We < 0.55, modes 2-21 are unstable, and mode 13 is dominant with the
largest positive growth rate. As the radius of the circle grows, the band of unstable modes expands towards
larger wavenumbers.

4.1.1.2. Comparison with simulations. We use the results of linear stability analysis as a first check of our
numerical method. In our simulations, we consider perturbations of the form in Egs. (40) and (41) with a
perturbation amplitude ¢ = 0.001, and modes m =1,...,25. For each perturbation mode m, the full
equations of motion (3)—(10) are solved for five time steps. The growth rate 6, =#,/i of mode m is
computed from the simulation by a Fourier transformation of the perturbation

n(p, 1) = x(B, 1) — R(t)(cos f,sin f§)

and a second-order finite difference approximation of 7, from the computed mode amplitude 7.

In Fig. 8 we compare the analytic linear growth rates from Eq. (42) with growth rates obtained with the
full overset grid code for a non-Newtonian case with We = 0.55, Ca = 250, and Ca = 500. The agreement
between theory and simulation is good, though for large wavenumbers, the growth rates from linear theory
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Ca=500

Il
10 15 20
spatial mode

25

Fig. 7. Analytic results for the linearized growth rates of perturbations to a circle for different cases from Eq. (42). Note that small-
scales (m > 1) are stable, and an intermediate range of lengthscales is made unstable by the Saffman—Taylor instability. In the non-
Newtonian case, the band of unstable modes becomes narrower as the Weissenberg number e is increased.

10

growth rate

—— Analytic, Ca=250
—— Analytic, Ca=500

0Ox0+

n=256, Ca=250 computation
n=512, Ca=250 computation
n=256, Ca=500 computation
n=512, Ca=500 computation

10 15 20

mode

25

Fig. 8. Linear growth rates of perturbations in the non-Newtonian case with We = 0.55. Comparison of the analytic result to linear
growth rates from the overset grid implementation with Ca = 250 or Ca = 500, and n = 256 or n = 512 points along the interface.

have slightly larger absolute amplitudes than the growth rates from the simulations. However, the large
wavenumber behavior is strongly dissipative in the problems considered here and has little effect on the
simulations as long as the wavenumbers with positive growth, and moderate damping are resolved. It is well
known that finite difference schemes do not capture high frequency phenomena accurately, so it is im-
portant to resolve the length scales of interest as has been done here (see Fig. 4.-1.-3. in [17]).
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Remark. It is standard practice in boundary integral simulations of interfacial instabilities to present nu-
merically computed linearized growth rates and compare those to analytical results as has been done in this
section (see [22] and references therein). However, in simulations of interfacial instabilities using finite
difference and finite element methods, it is unfortunately uncommon to present those results. Since the
linear instabilities are at the heart of many interfacial instabilities, it is important to discuss the fidelity of
the numerical scheme in capturing this key feature of the physical problem. In this paper, the use of Fourier
based methods to compute the curvature in the boundary condition (8) greatly improves the agreement with
linear theory at small length scales. Further details and a theoretical model will be reported elsewhere.

4.1.2. Simulations of an expanding circle

Here, we compare the exact solution for an expanding circle to our simulations and discuss the prop-
erties of the numerical errors. We simulate a circular interface expanding into a Newtonian fluid with
Ca =250 and We=0.55 to t = 4 with At = 10~3. These parameters define a problem that is unstable to the
Saffman-Taylor instability, with modes 2-15 unstable, and mode 9 having the largest initial growth rate
(see Fig. 7).

To examine the nature of spatial errors, and the effect of under-resolution, we use in these simulations:
e 64 points on the interface, 60° points in the Cartesian background grid,

e 128 points on the interface, 120 points in the Cartesian background grid,

e 256 points on the interface, 240 points in the Cartesian background grid.

The L*-errors in interface position are given in Table 2, and demonstrate second-order spatial accuracy
until time ¢ = 2. The order of convergence drops slightly below second-order before ¢ = 3 as the flow be-
comes under-resolved. Since the number of points on the interface is kept constant in this test, the spacing
between the points grows as the interface expands. This is different from the simulations of pattern for-
mation shown in Section 4.2 where the interfacial resolution is increased as needed. In Table 3, the point
spacings are shown for an expanding circle with N = 256 points along the interface.

The interface is shown at several time steps ¢t =0,...,4 in Fig. 9. The solution is visually indistin-
guishable from the exact solution. Nonetheless, there are grid induced errors in the solution that are not
visible in the plot. Fig. 10 shows the error in the radius as a function of the radial angle f for several time
steps. The plots show the error for two resolutions with N = 128 and N = 256 points along the interface.

The error has a structure that suggests that the Cartesian background grid can amplify the interfacial
velocity in the coordinate directions as the error in the radius has maxima at angles = 0, n/2, &, 3n/2 and
27 coinciding with the directions of the x and y axes. From the linear stability analysis one would not expect
mode 4 to be dominant as is seen in Fig. 10; mode 9 would be expected to grow the fastest since it has the
largest growth rate. However, only perturbations that are present can be amplified by the dynamics. It
seems that discretization errors give rise to a mode 4 perturbation of the circular interface which is then
amplified by the Saffman-Taylor instability.

Table 2
Errors and convergence rates for a circular bubble expanding into a Newtonian fluid with Ca = 250

Maximum error in interface position

t=0.5 t=1 t=2 t=3 t=4
N =128 2.9319 x 1073 5.2375 x 1073 9.5074 x 1073 1.3711 x 102 1.8997 x 102
N =256 6.8139 x 10~* 1.2264 x 1073 2.3069 x 10~3 3.5213 x 1073 5.0478 x 1073
Rate 2.1053 2.0944 2.0431 1.9612 1.9120

N denotes the number of discretization points along the interface. The second-order convergence can be seen until z = 2. Since the
length of the interface is growing in time and number of discretization points is kept fixed, the flow becomes under-resolved after ¢ = 2.
A slight drop in convergence rate can be seen at t = 3 and ¢ = 4.
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Table 3
The exact radius for the expanding circle

Exact radius and grid spacing for N = 256

t=0.5 t=1 t=2 t=3 t=4
R(t) 1.5000 2.0000 3.0000 4.0000 5.0000
Spacing along interface 0.0368 0.0491 0.0736 0.0982 0.1227

Since the interfacial resolution is kept constant in this test, the spacing of discretization points along the interface grows as the
interface expands. Here, the spacings are shown for an expanding circle with N = 256 points along the interface. In the simulations of
Section 4.2, the maximum spacing along the interface is 0.024.

6 . . . . .
-6 -4 -2 0 2 4 6

Fig. 9. A long time simulation of a circular interface expanding into a Newtonian fluid with Ca =250 and We = 0.0 for 4000 timesteps
(T'=0,...,4). The solution is visually indistinguishable from the exact solution. See Fig. 10 for the structure of the error in this
solution.

Ultimately, the successful control of grid induced errors will be what limits the maximum temporal
length of simulations of interfacial instabilities using grid based methods. Our use of body fitted grids
improves the accuracy of the solution near the interface, where the velocity of the interface is computed
from the pressure using Darcy’s law (5) and (6). The errors here depend on the resolution as O(4?) where &
is a maximum spacing in the mesh. Hence, adequate spatial resolution and high-order methods will min-
imize systematic discretization induced errors and allow longer simulations.

Note that in the present scheme, these grid alignment errors are not significant for the length of sim-
ulations considered here even at the lower resolutions used in Figs. 9 and 10. The asymmetric simulations
discussed below begin with N = 512 points along the interface, and are restarted at higher resolutions to
enhance accuracy with up to N = 4096 points along the interface at the end of a simulation.

As a further check for grid induced anisotropy, we consider an interface which is initially a circle per-
turbed radially by a single mode
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Fig. 10. Evolution of the error in the radius in simulations of an expanding circular interface (Fig. 9), for t =0, ..., 4. The error is

plotted as a function of the radial angle f for several time steps. Top: Error in the radius with N = 256 points on the interface with
error = 0 at = 0, and the maximum error at ¢ = 4. Bottom: Error with N = 128 points on the interface. Note the larger errors in the
coordinate directions.

(x0(B): 0(B)) = r(B)(cos B, sin ),

where
r(f) =1+ 0.1cos4p.

For comparison, we simulate this initial data, as well as the same data rotated 22.5° counter-clockwise,
expanding into a weakly non-Newtonian fluid (We = 0.55, Ca = 200) using 512 points on the interface
(Fig. 11). The four-fold symmetry is not enforced by the numerical scheme, but is still preserved by the
dynamics.

4.2. Simulation of the Saffman—Taylor instability

We now consider the Saffman-Taylor instability in a weakly non-Newtonian fluid whose dynamics is
given by Egs. (6)—(9). The basic elements of pattern formation for a gas bubble expanding into a Newtonian
fluid in a radial Hele-Shaw cell are well understood from experiment [30], theory [3,37] and careful nu-
merical simulation [21]. Very roughly, a perturbation of the bubble interface grows outwardly into an
expanding petal. When this petal’s radius of curvature exceeds the wavelength of an unstable mode, it “tip-
splits” into two nascent petals, which themselves broaden and split. This repeated process yields an in-
terface described by a population of branches and fjords, and whose evolution is characterized by strong
competition among the branches, with some branches being “shielded” and retracting, and others
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Fig. 16. A close-up of the computational grid used in Fig. 3, and the viscosity field, near the interface at times t = 2.4, t = 2.9 and
t = 3.4. Here We = 0.55, « = 0.15 and Ca = 500 (see Figs. 3, 4 and 15).

to area ratio. We note that the viscosity in our weakly non-Newtonian computations varies only by 5%,
from i = 1.0 in the fjords to i = 0.95 at the tips. This variation is sufficiently large to induce significant
changes in the pattern formation process. In Fig. 16, we show a close-up of the viscosity field in Fig. 3 near
the interface.

5. Conclusions

In this paper we have developed a moving overset grid method for simulating the dynamics of fluid
interfaces. The key feature of this method is the use of a thin body fitted grid that conforms to the de-
forming time dependent boundary and is coupled to fixed Cartesian grids.

We have studied computationally the non-Newtonian Saffman-Taylor instability in a weakly shear-
thinning limit. In the case of an expanding circular interface, second-order accuracy was demonstrated in
the interface position. We have also demonstrated good agreement with linear theory, which is a key feature
of linear instabilities such as the Saffman-Taylor problem [34]. The effect of grid alignment errors was
quantified in test cases, and shown to be insignificant for the length of simulations considered here. Sim-
ulations of asymmetric interfacial bubbles agree with predictions of reduced tip-splittings and increased



P. Fast, M.J. Shelley | Journal of Computational Physics 195 (2004) 117-142 139

side-branching in non-Newtonian Hele-Shaw flow suggested by earlier theoretical and computational
studies [11,25,27].

Moreover, the present method is able to achieve highly ramified viscous fingering patterns that are
beginning to approach the level of detail seen in spectrally accurate boundary integral computations [21].
Improved numerical approaches to evolving the interface efficiently, and especially accurately, will also
allow a computation of non-Newtonian viscous fingering patterns in the strongly non-Newtonian case.
Long-time simulations have been performed for Newtonian flows [21], but only for intermediate time-scales
in strongly shear-thinning flows [25].

While the focus here is on shear-thinning fluids, it would also be of interest to simulate viscous fin-
gering in shear-thickening fluids where the local viscosity is an increasing function of the shear-rate. In
recent work, Constantin, Widom and Miranda [11] perform a weakly non-linear analysis of non-New-
tonian viscous fingering, and find mode-coupling conditions that in the shear-thickening case suggest
finger widening and enhanced tip-splitting of the interface. In the shear-thinning case, their analysis
predicts a reduction of tip-splitting and increased side-branch formation, which supports the findings in
this paper.

There is a wealth of fundamental questions to be answered on non-Newtonian Hele-Shaw flows. A
central one is the effect of the elastic response of the fluid (see [27] and the references therein). The non-
Newtonian Darcy’s law captures the non-Newtonian response of the bulk fluid for moderate Weissenberg
numbers, We = O(1). Fast [13] performed a matched asymptotic analysis of the flow near the meniscus
where Darcy’s law is not valid, and derived non-Newtonian corrections to the Young—Laplace boundary
condition (8). The analysis [13] suggests that as We is increased, shear-thinning effects near the meniscus
become important and should be included in the pressure boundary conditions (see, however, the dis-
cussion in [16]). At still higher Weissenberg numbers the bulk flow will continue to be described by Eq. (2)
but elastic effects at the interface will become important: Boundary conditions for this case have not yet
been developed. Finally, in the high Weissenberg number limit, elastic effects in the bulk will become
important and a new model of thin gap flow is needed to capture the full viscoelastic response in the fluid
in a quasi-two dimensional setting. In some cases boundary integral methods will be applicable to
compute such flows, but in many cases grid based methods such as the one developed here will be
necessary.

Many other moving interface problems of current interest in fluid dynamics can be studied with an
extension of the ideas presented in this paper. In recent work, Zhang et al. [38] considered experimentally
the dynamics of an elastic filament pinned at its leading edge in a quasi-two dimensional soap-film flow. The
flow interacts with the moving filament, generating vorticity that is shed at its freely moving end. The
vorticity organizes itself into a structure reminiscent of a von Karman vortex street superimposed on a large
scale traveling wave shape reflecting the flapping of the filament. One of us (P.F.) has been investigating a
moving overset grid method that will resolve the multiple length scales present in the vorticity structure and
perhaps capture the dynamics of this intriguing dynamic boundary flow. Preliminary results are available in
Fast and Henshaw [14].
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Appendix A. The 6—L formulation

To control the stiffness of the time-evolution problem, we reformulate the motion of the interface in
terms of the tangent angle 6(f,¢) and arclength s;. For completeness, we derive here the equations of
motion in the 0-s; frame, as in [21,36].

Let the interface be given by the closed curve x(f,¢), where f§ € [0,2n] is the parametrization and ¢ is
time. Let s be the tangent vector to the curve, and n the inward pointing normal vector. The evolution of the
interface is described by

X, = Un+ Ts, (A.1)

where U is the normal velocity that describes the physics of the problem. The tangential velocity T has no
physical meaning, and is specified later.
The tangent angle 0 is related to the curve x through

xp(B.1) = sp(B. 1) cos O(B.1),  yp(B.) = sy(B.1)sin O(B, ).
The Frenet formulas 08 = kn, d,;n = —xs can be used to express the curvature as
Kk =0, (A.2)
The 0-s; equations are found by taking a f§ derivative of Eq. (A.1) and using the Frénet formulas
0,05x(p, 1) = O {sp(cos O(B,1),sin 0(B, 1))} = Ugn + Ts + U(—spxs) + T(spxn),
and hence 0 and s; satisfy

a,Sﬁ = T/; — HﬁU, (A?))

1
3,0 = —{Up+ T0;}. (A4)
B

Appendix B. Algorithm for body fitted grid generation

In this section, we discuss the details of generating the body fitted grid using Eq. (16). The use of this
equation for grid generation is discussed by Sethian [35].
We solve the body fitted grid generation Eq. (16) using the 0L formulation

00 2n [ oU 00
oL 90
s =- /O o (1 UG )4 (B.2)
where
2r 00

and
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2n 00

00
T8 = [ g vt oar 5L [ o auiraar. (B4)

Here C is a small parameter. The initial data at £ = 0 is given by the fluid interface I'. Egs. (B.1)-(B.4) are
solved in Fourier space in 7 using a second-order accurate integrating factor Adams—Bashforth method to
discretize the time-like variable ¢ (see Section 3.3).

Remark. The ‘grid generation equation’ (16) is completely separate from the equations of motion for the
fluid interface. The only purpose of solving this equation at a given time is to generate a body fitted grid.
Any other approach that produces a body fitted grid near the fluid interface could be used just as well.
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